Abstract. Let {f a,b } be the (original) Hénon family. In this paper, we show that, for any b near 0, there exists a closed interval J b which contains a dense subset J ′ such that, for any a ∈ J ′ , f a,b has a quadratic homoclinic tangency associated with a saddle fixed point of f a,b which unfolds generically with respect to the one-parameter family {f a,b } a∈J b . By applying this result, we prove that J b contains a residual subset A (2) b such that, for any a ∈ A (2) b , f a,b admits the Newhouse phenomenon. Moreover, the interval J b contains a dense subsetÃ b such that, for any a ∈Ã b , f a,b has a large homoclinic set without SRB measure and a small strange attractor with SRB measure simultaneously.
Introduction
In [6] Hénon studied numerically the dynamics of the diffeomorphisms f a,b : R 2 → R 2 defined as (1.1) f a,b (x, y) = (1 − ax 2 + y, bx)
for b = 0 and presented a supporting evidence for the existence of a strange attractor of f a,b when a = 1.4 and b = 1.3. We call these maps Hénon maps or more strictly original Hénon maps consciously to distinguish them from Hénon-like maps. Subsequently, Fornaess and Gavosto [3] gave a computer assisted proof that, for some a 0 = 1.3924198 · · · and any fixed b 0 near 0.3, f a0,b0 has a generic unfolding homoclinic tangency. Furthermore, applying results of Mora and Viana [10] to the Hénon maps, one has that f a,b exhibits a small strange attractor for parameters (a, b) arbitrarily close to (a 0 , b 0 ). Let M be a surface and Diff r (M ) the space of C r diffeomorphisms with C r topology for an integer r ≥ 2. We say that a connected subset A of Diff r (M ) has persistent homoclinic tangencies if a continuation of basic sets Λ(f ) of f ∈ A is well defined and each Λ(f ) has a homoclinic tangency. That is, there exist points x, y ∈ Λ(f ), possibly x = y, such that W u (x) and W s (y) have a tangency. Newhouse [11, 12] (see also Palis-Takens [14] ) showed that, if f ∈ Diff r (M ) has a homoclinic tangency associated with a dissipative saddle point, then for any neighborhood U (f ) of f in Diff r (M ), there is an element g ∈ U (f ) some connected neighborhood N of which has persistent homoclinic tangencies. Moreover, there exists a residual subset of N each element of which is a diffeomorphism admitting infinitely many sinks. The condition with infinitely many sinks is called the Newhouse phenomenon. Robinson [16] detected the phenomenon in the context of certain one-parameter families in Diff r (M ). One of our aims in this paper is to show that the original Hénon family admits the Newhouse phenomenon.
Let Λ 1 and Λ 2 be basic sets for f ∈ Diff r (M ). Then, we say that Λ 1 is homoclinically related to Λ 2 if either Λ 1 = Λ 2 or there are points x 1 , y 1 ∈ Λ 1 and x 2 , y 2 ∈ Λ 2 such that W u (x 1 ) \ Λ 1 has a non-empty transverse intersection with W s (x 2 ) \ Λ 2 and W s (y 1 ) \ Λ 1 has a non-empty transverse intersection with W u (y 2 ) \ Λ 2 . The closure Λ of the union of basic sets homoclinically related to each other is called a homoclinic set if Λ contains more than a single periodic orbit. When one of these basic sets contains a periodic point p of f , Λ is called the homoclinic set of p. We say that a homoclinic set Λ has a homoclinic tangency if Λ contains a basic set with a homoclinic tangency. Thirty years after Newhouse's original works, new results were presented by himself. In fact, he showed in [13, Theorem 1.4 ] that there is a residual subset R of Diff r (M ) such that, if f ∈ R and Λ(f ) is a homoclinic set for f which contains a homoclinic tangency and has an associated dissipative saddle point, then Λ(f ) does not carry an SRB measure. Here, SRB measure means an f -invariant Borel probability measure which is ergodic, has a compact support, and has absolutely continuous conditional measures on unstable manifolds. Moreover, Newhouse gave the conjecture in [13] :
• for each parameter b, there is a residual set of parameters a such that f a,b has no SRB measure.
On the other hand, Benedicks and Young [2] showed • for almost every positive b near 0, there is a positive Lebesgue measure set A b of a-parameters such that f a,b has an SRB measure supported by the homoclinic set of a fixed point of f a,b if a ∈ A b .
Following the situation of admitting versus non-admitting of SRB measures, we will show that these two conditions coexist for many parameter values in the original Hénon family. For convenience in our arguments, we adopt the following topologically conjugated formula of the Hénon map f a,b :
which is obtained from the classical formula (1.1) by the reparametrization (a, b) → (−a, −b) and the coordinate change (x, y) → (−ab
Now we state our main results.
Theorem A.
There exists an open interval I containing 0 such that, for any b ∈ I \ {0}, there is a positive integer w and a closed interval J b in the a-parameter space satisfying the following (i) and (ii [10, 2, 14, 16, 13, 21] , the two theorems also imply the following.
Theorem B. For any b ∈ I \ {0}, the interval J b given in Theorem A contains subsets A
satisfying the following conditions.
is open dense in J b and, for any a ∈ A Note that the Hénon-like strange attractor given in Theorem B (iii) is a small invariant set which arises from renormalization near the tangency qâ of Theorem A, while the homoclinic set in Theorem B (i) is a large invariant set.
We say that a subset A of an interval J has Lebesgue measure positive everywhere if, for any non-empty open subset U of J, A ∩ U has positive Lebesgue measure. From the definition, we know that such a set A is dense in J. Also, an invariant set Ω of ϕ a,b is called a strange attractor if (a) there exists a saddle point p ∈ Ω such that the unstable manifold W u (p) has dimension 1 and
is a decreasing sequence with Ω = ∞ n=1 f n (U ), and (c) there exists a point z 0 ∈ Ω whose positive orbit is dense in Ω and a non-zero vector v 0 ∈ T z0 (R 2 ) with dϕ n z0 (v 0 ) ≥ e cn v 0 for any integer n ≥ 0 and some constant c > 0.
The conditions (i) and (iii) of Theorem B imply that the intersectionÃ b = A
is a dense subset of J b satisfying the following conditions. Corollary C. For any b ∈ I \{0}, there exists a subsetÃ b of J b which has Lebesgue measure positive everywhere in J b and such that, for any a ∈Ã b , ϕ a,b does not have an SRB measure supported by the homoclinic set of p a,b but has an SRB measure supported by a strange attractor.
We finish Introduction by outlining the proofs of Theorems A and B. Note that a difficulty in our proof is that we need to find desired diffeomorphisms in the fixed two-parameter family {ϕ a,b } but not a neighborhood of the family in the infinite dimensional space Diff ∞ (R 2 ). See Section 3. Our key mechanism for overcoming it is the double renormalization for the two-parameter family. Most of our effort is devoted to detecting such renormalizations in Section 4.
By using the Implicit Function Theorem, we will define a smooth function h : I → R such that, for any b ∈ I, ϕ h(b),b has a homoclinic quadratic tangency q h(b),b near the point (−2, 2) ∈ R 2 unfolding generically with respect to the a-parameter family {ϕ a,b(fixed) } (Proposition 3.2). Then, one can renormalize {ϕ a } with ϕ a := ϕ w a,b in a neighborhood of q h(b),b as in [14] , where w > 0 is the even integer given in Section 3. Then, by the Thickness Lemma [11, 14] , there exists a closed interval J b such that the one-parameter family {ϕ a } a∈J b has persistent heteroclinic quadratic tangencies q a (a ∈ J b ), and moreover Accompanying Lemma (Lemma 2.2) implies that all these tangencies unfold generically with respect to ϕ a (Theorem 5.1). By using these results, we also show that J b contains a dense subset J ′ such that, for anŷ a ∈ J ′ , ϕâ has a homoclinic tangency qâ associated to the fixed point pâ := pâ ,b which also unfolds generically (Theorem 5.2). Obviously, Theorems 5.1 and 5.2 imply Theorem A.
One can renormalize {ϕ a } again near the tangency qâ given in Theorem A (ii) for anyâ ∈ J ′ . Applying then standard arguments of Robinson [16] and Newhouse [13] to our situation, we have an open dense subset A
b of J b such that ϕ a has no SRB measure supported by the homoclinic set of p a,b for any a ∈ A such that ϕ a has infinitely many sinks for any a ∈ A (2) b . Moreover, applying the results of Wang-Young [21] to the renormalized maps, we have a dense subset A These results prove Theorem B.
Preliminaries
First of all, we will review briefly some notations and definitions needed in later sections. Throughout this section, we suppose that {ψ t } t∈J is a one-parameter family in Diff r (R 2 ) with r ≥ 3 such that the parameter space J is an interval. A family {A t } t∈J of ψ t -invariant subsets of R 2 is called a t-continuation (or shortly continuation) if, for any t ∈ J and some t 0 ∈ J, there exist homeomorphisms h t : A t0 → A t depending on t continuously such that h t0 is the identity of A t0 and
2.1. Thickness of Cantor sets. We recall the definition of the thickness given in Newhouse [12] and Palis-Takens [14] for a Cantor set K contained in an interval I. A gap of K is a connected component of I \ K which does not contain a boundary point of I. Let G be a gap and p a boundary point of G. A closed interval B ⊂ I is called the bridge at p if B is the maximal interval with G ∩ B = {p} such that B does not intersect any gap whose length is at least that of G. The thickness of K at p is defined by τ (K, p) = Length(B)/Length(G). The thickness τ (K) of K is the infimum over these τ (K, p) for all boundary points p of gaps of K. Let K 1 , K 2 be two Cantor sets in I with thickness τ 1 and τ 2 respectively. Then, Gap Lemma (see [12, 14] 
is defined similarly by supposing that α is parametrized by arc-length.
Persistent quadratic tangencies.
A basic set of ψ t is a non-trivial compact transitive hyperbolic invariant set of ψ t with a dense subset of periodic orbits. Suppose that there exist continuations {Λ 1,t } t∈J , {Λ 2,t } t∈J of basic sets or saddle fixed points of ψ t such that W s (Λ 1,t0 ) and W u (Λ 2,t0 ) have a quadratic tangency q t0 for a t 0 ∈ J. That is, one can choose a coordinate (x, y) on a neighborhood O of q t0 with q t0 = (0, 0) and such that
and W u (Λ 2,t ) respectively which depend on t continuously. The tangency is called homoclinic (resp. heteroclinic) if Λ 1,t0 = Λ 2,t0 (resp. Λ 1,t0 = Λ 2,t0 ). One can choose these L Definition 2.1. The quadratic tangency q t0 unfolds generically with respect to {ψ t } t∈J if there exist local coordinates on O C 3 depending on t and a C 1 function b on J satisfying the following conditions.
• L s t ∩ O is given by y = 0 and L u t ∩ O by y = ax 2 + b(t) for any t near t 0 .
• b(t 0 ) = 0 and db dt (t 0 ) = 0.
The family {ψ t } t∈J is said to have persistent quadratic tangencies unfolding generically if, for any t 1 ∈ J, W s (Λ 1,t1 ) and W u (Λ 2,t1 ) have a quadratic tangency q t1 unfolding generically with respect to {ψ t }.
Compatible foliations.
Let F be a foliation consisting of smooth curves in the plane. A smooth curve σ in the plane is said to cross F exactly if each leaf of F intersects σ transversely in a single point and any point of σ is passed through by a leaf of F .
Suppose that {Λ t } is a continuation of non-trivial basic sets of ψ t and {p t } is a continuation of saddle fixed points in Λ t . Let {I t } be a set of curves in W Consider an orientation-preserving arc-length parametrization α :
, and let c :
The following lemma is given in Kiriki 
Lemma 2.2 (Accompanying Lemma).
For any δ > 0 and t 0 ∈ Int(J), there exists an integer j 0 > 0 and a number ε > 0 such that any C 1 function v as above satisfies
Continuations of homoclinic tangencies
As we have stated in the end of Introduction, arguments in [14, Section 6.3] which were used to detect diffeomorphisms admitting homoclinic or heteroclinic tangencies in a small neighborhood of Hénon maps in Diff ∞ (R 2 ) can not be applied directly to the fixed two-parameter family of original Hénon maps:
In this section, we will consider a C ∞ function h : (−ε, ε) → R such that the b-parameter family {ϕ h(b),b } admits a b-continuation of homoclinic quadratic tangencies q h(b),b each of which unfolds generically with respect to the a-parameter family {ϕ a,b(fixed) }. Finally, we will obtain essential results for the a-parameter family.
For any element (a, b) of a small neighborhood of (−2, 0) in the parameter space, ϕ a,b has the two fixed points p ± a,b with
For short, we set p 
From the definition, the unstable manifold W u (p a,0 ) consists of the points q ∈ R 2 which admits a sequence {q n } ∞ n=0 in R 2 with q 0 = q, q n ∈ ϕ −1 a,0 (q n−1 ) for n = 1, 2, . . . and lim n→∞ q n = p a,0 . In particular, W u (p a,0 ) is contained in the parabolic curve Im(ϕ a,0 ) = {(x, x 2 + a); −∞ < x < ∞}. Then, it is not hard to show that curve U a,b in W u (p a,b ) with p a,b as one of its end points and C ∞ converging to 
, 0) and t ≈ 0. Hence, there exists a unique point t a,b ∈ (−δ, δ) at which θ a,b has the maximal value θ a,b (t a,b ). Here, we set
The point q a,b is a candidate of the quadratic tangency of S a,b and W u (p a,b ) for suitable pairs of (a, b) .
From the definition, we know that H is a C ∞ function of (a, b) ≈ (−2, 0). Since S a,0 is in the horizontal line y = y a,0 ,
Thus, we have
for any (a, b) ≈ (−2, 0). By the Implicit Function Theorem, there exists a C ∞ function h : I ε = (−ε, ε) → R for a small ε > 0 satisfying
For each b ∈ I ε , since With the notation as above, we will prove the following proposition. Proof. Suppose first that b is any positive number sufficiently close to 0. Then, since l . Note that, since w is an even integer, ϕ ŵ a,b is an orientation-preserving diffeomorphism even whenb < 0. Here, the superscript "out" implicitly suggests that Λ 
Double renormalization near quadratic tangencies
In this section, we will work with the notations as in Section 3 and reform renormalizations near a homoclinic tangency suitable to the proof of our main theorem.
Take an element b ∈ I \ {0} arbitrarily and fix throughout this section. For simplicity, we set By the work of Romero [18, Theorem D] based on [1] (see also in [5, 9] ), without the hypothesis of smooth linearization as in [14] , we get the following renormalization near the homoclinic tangency q h(b),b : for any sufficiently large integer n > 0, one can obtain a C ∞ reparametrization Θ n on R and an a-dependent C 2 coordinate change Φ n on R 2 satisfying the followings
• Θ n (ā) (resp. Φ n (x,ȳ)) converges as n → ∞ locally uniformly to the map with constant value h(b) ∈ R (resp. r ∈ R 2 ).
• For anyā ∈ R, the diffeomorphisms ψā ,n on R 2 , defined by
2 converge as n → ∞ locally uniformly to the endomorphism ψā with
Furthermore, by [14, p. 124 , Proposition], for each integer m ≥ 3, we have a small closed intervalJ with IntJ ∋ −2 and an integer n 0 > 0 satisfying following conditions.
• For anyā ∈J and any integer n ≥ n 0 , ψā ,n has a saddle fixed point Pā ,n in a small neighborhood of (2, 2) and a basic set Λ m a,n containing a saddle m-periodic point Q m a,n .
• Θ n (J) ⊂ J b,0 .
• For anyā ∈J and any integer n ≥ n 0 , the thickness τ (Λ Convention 4.2. From now on, we will suppose that x, y, a andx,ȳ,ā are related by a = Θ n (ā) and (x, y) = Φ n (x,ȳ) whenever the n is selected. Moreover, for any parametrized subset Yā of thexȳ-space (resp. Z a of the xy-space), we will denote the image Φ n (Yā) (resp. Φ −1 n (Z a )) in the xy-space (resp. thexȳ-space) again by Yā (resp. Z a ).
For any sufficiently large integer n > 0, one can define a foliation F u (Pā ,n ) passing through Pā ,n and with three maximal points as illustrated in Fig. 4.2 . Here, we take the sequence {L ū a,n } n so that it C 2 converges onto the graph L ū a ofȳ =x 2 +ā withā ≤x ≤x 1 (ā) + α for some α > 0 as n → ∞.
Recall that a leaf of F
a,n C 1 depending onā ∈Jδ, whereδ > 0 is taken sufficiently small so thatJδ = [−2 −δ, −2 +δ] is contained in the intervalJ given in the proof of Lemma 4.1. LetV be a small open neighborhood of (−2, 2) in thexȳ-space and ξ a vertical segment inV meeting f coordinates of the intersections f 
Proof. For anyā ∈Jδ, consider the endomorphism ψā(x,ȳ) = (ȳ,ȳ 2 +ā) given in the proof of Lemma 4.1. The point Pā = (x 1 ,ȳ 1 ) withx 1 (ā) =ȳ 1 (ā) = (1 + √ 1 − 4ā )/2 is a fixed point of ψā close to (2, 2) . If necessary slightly extending ξ, we may assume that ξ meets the line Γā :ȳ = (1 + √ 1 − 4ā )/2 orthogonally in a single point. Since dȳ 1 /dā → −1/3 asā → −2 and Sā ,n C 2 converges to a segment in Γā as n → ∞, dȳ(Sā ,n )/dā is well approximated by −1/3 for all sufficiently large n.
The curve L 
This implies our desired inequality (4.2).
Here, we consider the case when f (i) a,n and g
a,n have a quadratic tangency in ξ. Then, Lemma 4.3 shows that the tangency unfolds generically with respect to ψā ,n and hence to ϕ a in the sense of Definition 2.1.
Proof of Theorems A and B
In this section, we will work with the notation as in Section 4 and Convention 4.2. Theorems 5.1 and 5.2 below imply respectively the assertions (i) and (ii) of Theorem A. 
,n -leaf). By Lemma 4.1 (ii), if necessary replacing n and hence i by greater integers, one can suppose that
This fact together with Lemma 4.1 (i) shows that
Thus, there exists a closed subintervalJ b ofJδ such that the last inequality holds ifā 1 ∈J b . By invoking Thickness Lemma [11, 14] , for anyā 1 ∈J b , we have a Λ a1,n admitting a quadratic tangency qā 1 in V . By considering a vertical segment ξ inV passing through qā 1 and using Lemma 4.3, one can show that qā 1 unfolds generically with respect to {ψā ,n } and hence to {ϕ a }. SinceJ b ⊂Jδ ⊂J, it follows that
Theorem 5.1 presents persistent heteroclinic tangencies associated to two basic sets. The following theorem presents homoclinic tangencies associated to the fixed point p a of ϕ a and so we conclude the assertion (ii) of Theorem A. Here, we will show that W s (Λ • There exist leaves l is a tangency unfolding generically, there exists a 3 ∈ J b arbitrarily close to a ′ 2 such that W u (p a3 ) and W s (p a3 ) have a homoclinic quadratic tangency q a3 in U . By invoking Accompanying Lemma, one can show that q a3 is also a tangency unfolding generically. Here, we note that Accompanying Lemma works only for leaves sufficiently close to a leaf passing through saddle periodic points. In our case, the leaf l u a3 (resp. l Recall that a 1 ∈ J b is taken arbitrarily and a 3 ∈ J b is arbitrarily close to a 1 ∈ J b . From this fact, we have a dense subset J ′ of J b such that, for anyâ ∈ J ′ , W u (pâ) and W s (pâ) have a quadratic tangency unfolding generically. This completes the proof of Theorem 5.2.
Next, we prove Theorem B by using results of Theorems 5.1 and 5.2.
Proof of Theorem B. For anyâ ∈ J ′ , one can apply the Palis-Takens Renormalization Theory to a small neighborhood of qâ. Then, Proposition 3.3 in Robinson [16] and Lemma 2.2 in Newhouse [13] of J b such that, for any a ∈ A (1) b , ϕ a admits at least one sink r with W u (p a ) ∩ B r = ∅, where B r is the basin of r. According to Proposition 2.1 in [13] , if ϕ a had an SRB measure ν supported by the homoclinic set of p a , then the support supp(ν) would coincide with the closure Cl(W u (p a )). Since ν is a ϕ a -invariant probability measure, it follows that Cl(W u (p a )) ∩ B r ⊂ {r}. On the other hand, since W u (p a ) ∩ B r = ∅, the intersection would contain an arc, a contradiction. Thus, for any a ∈ A such that ϕ a has at least 2 n sinks for any a ∈ Z n associated to the periodic-doubling bifurcation. Then, A 
